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Abstract: This paper proposes a framework for generating fast, smooth and predictable
braking manoeuvers for a controlled robot. The proposed framework integrates two approaches
to obtain feasible modal limits for designing braking trajectories. The first approach is real-
time capable but conservative considering the usage of the available feasible actuator control
region, resulting in longer braking times. In contrast, the second approach maximizes the used
braking control inputs at the cost of requiring more time to evaluate larger, feasible modal limits
via optimization. Both approaches allow for predicting the robot’s stopping trajectory online.
In addition, we also formulated and solved a constrained, nonlinear final-time minimization
problem to find optimal torque inputs. The optimal solutions were used as a benchmark to
evaluate the performance of the proposed predictable braking framework. A comparative study
was compiled in simulation versus a classical optimal controller on a 7-DoF robot arm with
only three moving joints. The results verified the effectiveness of our proposed framework
and its integrated approaches in achieving fast robot braking manoeuvers with accurate online
predictions of the stopping trajectories and distances under various braking settings.

Keywords: Controlled stop, optimal control, braking manoeuvers, stopping trajectory
prediction

1. INTRODUCTION

Collaborative robots, also known as cobots, have become
increasingly popular in manufacturing applications in re-
cent years (Matheson et al., 2019). These robots enable
human-robot collaboration (HRC) in shared workspaces
without the need for cages or fences to separate human
and robot. This is especially important in recent high
mix/low volume production scenarios, where a fenceless
operation allows highly reconfigurable and adaptable cell
designs enabling several production flows to be handled
concurrently (Schlette et al., 2020). Before deploying a
cobot into a fenceless, shared workspace with dynamically
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moving objects, it must be ensured that they are always
fully capable of reacting to the motions of nearby obstacles
and human coworkers in a compliant and safe manner.

For applications involving direct HRC or physical human-
robot interaction (pHRI), safety standards are decisive for
both industrial and service robots. Such safety standards
specify strict requirements and guide the robot’s mechani-
cal design, task planning, and motion control to ensure safe
pHRI. More specifically, technical specifications, such as
e.g. the TS 15066, 1 supplement these standards and define
four safeguarding modes for collaborative operation. For
instance, any contact with the human head is strictly for-
bidden, and the TS15066 requires implementing a safety-
rated, monitored stop (SMS) to stop the robot through
control. This means that the integrated SMS mode must
always stop the robot upon detecting faulty events (e. g.,
colliding with obstacles) or predicting non-safe, poorly
coordinated movements of the human coworker that may

1 Robots and robotic devices — Collaborative robots (ISO/TS
15066:2016) International Organization for Standardization (ISO)
(2016).



result in any injury risk. For this, the ISO 13850 standard 2

defines three types of stop functions

• Category 0 stop corresponds to the immediate
removal of power from the robotic system actuators
(i.e., uncontrolled stop).

• Category 1 stop is meant to be a controlled stop,
but still, the removal of power occurs when the stop
is achieved.

• Category 2 stop corresponds to a controlled stop
with power kept available to the system actuators.

This means both Category 0 and Category 1 stops in-
evitably require power removal upon emergencies, which
may later be followed by human intervention to restart
the system and its operation. Hence, for a more efficient
collaborative task, Category 2 stop is needed. However,
without a good braking strategy, executing Category 2
stops during the robot control cycle is impossible.

Ideally, the robot performs its tasks at high speed to
deliver a high production throughput when working au-
tonomously. To adhere to safety constraints in shared
workspaces or collaborative regimes, the robot may have
to reduce its performance or even stop immediately by
switching to some safe functional mode (Svarny et al.,
2022) in case of any potential collision with a human.
This requires estimating the distance traveled by the end-
effector EE from the braking instant until the robot is
brought to a complete stop (the so-called robot stopping
distance), see Fig. 1. Applications involving close pHRI
(i.e., active collaboration) require a smooth robot braking
with predictable distances, so it is possible to evaluate rel-
ative distances between the robot and dynamic obstacles
(including humans) in its vicinity. Achieving this provides
a rigorous braking solution emphasizing human safety in
direct pHRI. In this manuscript, we propose a braking
framework capable of stopping the motion of a robotic
system smoothly within its actuation capabilities. This is
achieved by designing smooth braking trajectories for the
velocities after transforming the system dynamics into a
modal space representation whose decoupled coordinates
can be controlled independently. The designed modal brak-
ing trajectories are transformed back to the original space
to generate the required robot braking manoeuvers, which
are applied as control inputs at each time step until the
complete stop. The proposed braking solution does not
require using any external hardware or additional sensors
other than the robot’s joint actuators and their encoders. 3
The presented framework integrates approaches for gener-
ating fast braking manoeuvers in real-time (i. e., it finishes
all the required computations, including braking control
and stopping trajectory prediction algorithms, in one con-
trol cycle). It further generalizes to robotic systems with
arbitrary degrees of freedom (DoFs), making it scalable to
various types of complex robotic systems.

This manuscript is structured as follows. Section 2 presents
the modeling of the considered problem. The proposed
2 Safety of machinery — Emergency stop function — Principles for
design (ISO 13850:2015) International Organization for Standardiza-
tion (ISO) (2015).
3 Of course, a braking trigger has to be integrated, which is in-
evitably connected to additional tracking hardware such as, e.g.,
a lidar and/or an RGB-D camera for monitoring the collaborative
workcell.

Fig. 1. A conceptual pHRI scenario. A robot arm executes
its task in a fenceless, shared workspace with human
coworkers. Since undesired collisions may occur, the
robot must be equipped with controlled stops to be
triggered when its current braking distance d̂b drops
below dynamically evaluated distance thresholds. The
scalar quantities d̂h, d̂obst. denote the shortest dis-
tances to the closest human body parts and obstacles
in the robot vicinity, respectively.

braking scheme is detailed in Sec. 3. Simulation results are
provided in Sec. 4, including comparisons against a classic
solution obtained by optimal control approaches and their
evaluations. Section 5 concludes the paper and highlights
future research directions.

2. MODELLING OF THE PROBLEM

2.1 Robot model

The considered robotic system is an n-DoF rigid robot
arm that has only revolute joints and is modeled by the
non-linear differential equations

M(q)q̈ +C(q, q̇)q̇ + τ f + g(q) = τJ + τ ext, (1)
where q, q̇ ∈ Rn (n is the number of joints) are, respec-
tively, the joint position (generalized coordinates) and
velocity vectors, which constitute together the state of
the arm at a given instant in time. 4 The joint accel-
eration vector is denoted q̈ ∈ Rn, M(q) ∈ Rn×n is the
inertia matrix, g(q) ∈ Rn is the gravity torque vector
and C(q, q̇)q̇ = c(q, q̇) ∈ Rn is the vector of the Coriolis
and centrifugal forces, with the matrix C(q, q̇) defined
through the Christoffel symbols of the first kind, satisfying
Ṁ(q) = C(q, q̇)+CT(q, q̇) (Yin and Yuh, 1989). The vector
of joint friction torques is denoted τ f ∈ Rn. The torques
τJ ∈ Rn produced by the joint motors are input to the
system, while τ ext = JT(q)fext are the external torques ex-
erted on the arm’s end-effector by the environment, where
J(q) ∈ Rp×ni is the arm Jacobian matrix and fext ∈ Rp is
the vector of external forces.
Assumption 1. The gravity and Coriolis torques are con-
sidered quasi-stationary over the braking trajectory since
the braking is a local behavior of the robot system (Mans-
feld and Haddadin, 2014). Also, the non-conservative
forces, mainly from the gearing friction, are negligible
because of the high-bandwidth low-level controller based
on feedback from the joint actuators (Terry et al., 2017).

Under Assumption 1 and also supposing that the robot
experiences no contact forces, (1) results in
4 To avoid a cluttered notation, we have left out the dependence of
the variables on time t.
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M(q)q̈ = τ̃J , (2)
where τ̃J is the motor torque for joint control, given by

τ̃J := τJ − n(q, q̇), (3)
with

n(q, q̇) = C(q, q̇)q̇ + τ f + g(q). (4)

The most important physical constraints to consider for
real robot arms are the minimum and maximum angular
movement, motor velocity, acceleration, torque, and torque
derivative limits at each joint

qmin ≤ q ≤ qmax, q̇min ≤ q̇ ≤ q̇max,
q̈min ≤ q̈ ≤ q̈max,

...
qmin ≤ ...

q ≤ ...
qmax,

τ̃min ≤ τ̃J ≤ τ̃max, ˙̃τmin ≤ ˙̃τJ ≤ ˙̃τmax,
(5)

Typically, q̇min=− q̇max, q̈min=− q̈max, and ...
qmin=− ...

qmax.
Note that however, the torque limits (hence, also the
torque derivative limits) are not necessarily symmetric,
i. e., τmin ̸= −τmax. Even when they are equal, com-
pensating for n(q, q̇) in (2) can asymmetrically reduce
the available motor torque for joint control. To simplify
the analysis, in the following manuscript discussions we
assume conservative symmetric compensated torque and
torque derivative bounds.

2.2 Problem statement

In this work we seek a controller that minimizes the
braking time Tb := tf − t0, where t0 is the braking instant
and tf is the instant when the robot finishes the braking.
In other words, we aim to find the braking controller u∗

that solves the following time-optimal control problem:

u∗(t) = argmin
u(t)

∫ tf

t0

1 dt (6)

subject to the dynamics in (2), constraints in (5) and the
boundary conditions

q(t0) = q0, q(tf ) is free,
q̇(t0) = q̇0, q̇(tf ) = 0,
q̈(t0) = q̈0, q̈(tf ) = 0,
τ̃J (t0) = τ̃J,0, τ̃J (tf ) = 0 ,

(7)

where q0, q̇0, q̈0 and τ̃J,0 are, respectively, the joint
position, velocity, acceleration and torque control input
of the robot at the time of braking.

Due to the highly nonlinear inertial coupling through
M(q), the aforementioned optimal control problem can
not be solved analytically in general, while solving it
numerically is, in general, infeasible for real-time control.
In the next section we propose a solution that, though
is suboptimal, can be employed for real-time control and
it further enables the prediction of the robot’s behavior
during braking.

3. THE PROPOSED BRAKING SCHEME

Since the motion of each robot joint is highly coupled, our
approach obtains a linear transformation that decouples
the compensated robot dynamics (2) at the acceleration
level as soon as the braking signal is raised. This decou-
pling is later used to transform the initial joint velocities
of the system into the modal space. The braking trajecto-
ries are geometrically designed using feasible conservative
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Fig. 2. Braking control and prediction architecture.

actuator limits to approach zero velocity identically. More-
over, the smoothness of each decoupled velocity braking
profile is parameterized such that different braking tra-
jectories for each modal coordinate can be achieved. This
feature addresses the difference in joint motion rates while
braking and allows a synchronized stopping, favoring a
more natural braking behavior. In other words, it ensures
that all the joint velocities reach zero simultaneously. The
algorithmic pipeline of the proposed approach is illustrated
in Fig. 2.

3.1 Dynamics modal decoupling

To simplify the analysis of (2) we proceed in two steps.
First, we linearize this dynamical equation at the braking
state q0. Second, we exploit the positive-definiteness of the
inertia matrix to decouple the linearized dynamics.

More precisely, since M(q0) is (symmetric) positive def-
inite, an orthogonal matrix Q ∈ Rn×n that decouple the
dynamics in (2) can be always found such that

M(q0) = QMQQT , (8)
where MQ ∈ Rn is the resulting diagonal mass matrix
with positive real eigenvalues of M(q0) as its diagonal
elements. Plugging (8) in (2) results in system dynamics
with a diagonal form

MQq̈Q = τ̃Q, (9)
where q̈Q are the new coordinates in the modal space, given
by

q̈Q = QTq̈, (10)
and τ̃Q are the modal torques, defined as

τ̃Q = QTτ̃J = [τ̃Q,1 τ̃Q,2 · · · τ̃Q,n]
T. (11)

However, one disadvantage of such a decoupling approach
is the introduced coupling in the input torques τ̃Q and
their respective constraints in (5). By restricting the limits
of τ̃Q to be independent from each other, the coupling of
these transformed input torques can be avoided. However,
finding the maximal decoupled limits for τ̃Q, that when
transformed back results in optimal feasible torques τ̃J
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in the original space, usually requires solving another op-
timization problem (Mansfeld et al., 2016). Alternatively,
conservative bounds for the torques of the decoupled space
can be found analytically. Assuming one obtained either
of those, in the following we describe how the braking can
be achieved using the modal transformation (9)–(11).

3.2 Modal space braking concept

The overall modal braking idea is based on the physical
concept that an inertial object with mass mQ,i and moving
with velocity q̇Q generates a momentum mQ,i q̇Q along its
motion direction (Fig. 3(a)). To stop the robot as fast as
possible, all joint velocities q̇ must be reduced to zero in
the shortest time possible. For this, the decoupled velocity
and position vectors can be obtained by integrating both
sides of (10) over time. For velocity, this results in

q̇Q = QTq̇. (12)

Since QT is invertible, the stopping condition of the
robot (that is, q̇ = 0) is equivalent to the derivative
of the vector of decoupled coordinates q̇Q being zero,
which can be interpreted as the braking of the vector
of decoupled coordinates. Thus, braking in the original
space is equivalent to braking the vector of decoupled
coordinates.

To brake each decoupled coordinate as fast as possible,
all of the available torque has to be used to reverse its
motion direction and then maximally decelerate until zero
velocity. Due to the introduced coupling of the torques
in (11), not all actuator limits will be hit. For minimum-
time braking in the modal space, an optimal combination
of modal torque constraints, that also results in feasible
maximal torques in the original space, must be used.
Obtaining the decoupled torque limits via optimization
will inevitably introduce more computation burden which
destroys the real-time capability, sacrificing the braking
trajectory predictability. To avoid this, we propose an
algorithmic scaling approach that results in decoupled
yet conservative, sub-optimal modal torque bounds with
guaranteed feasibility in the original space. The original
and modal control regions defined by the physical actuator
limits are described next. Then, a systematic analytical
solution method for generating conservative (hence, sub-
optimal) but independent input torques is introduced. The
generated torques are not only within the feasible original
control region, but they also enable simultaneous braking
for all the robot joints.

3.3 Physically-admissible braking via momentum scaling

Upon transforming the system dynamics from the orig-
inal space into the decoupled modal space, the max-
imum/minimum bounds for the available joint torques
(after compensating for gravity, Coriolis and centrifugal
torques) are no longer mutually independent (Mansfeld
and Haddadin, 2014). As a result, it is not always feasible,
with respect to the actuator limits, to apply any desired
torque arbitrarily in the modal space. Since the decoupling
property of the modal space allows solving the braking
control problem analytically, one has to make sure that
the inputs τ̃Q designed in modal space lie within the
admissible available control region. This region can be

Fig. 3. Design of braking control in modal space. (a)
Intuitive braking torque direction for a mass moving
in the modal space (for n = 2). (b) Feasible control
torques in the original space Ω̃ and modal space Ω̃Q.
(c) Corresponding feasible acceleration regions (Ψa

and Ψa
Q) obtained via scaling. The regions Ω̃′/Ψa′

and Ω̃′
Q/Ψa′

Q denote conservative regions, in which
torque/acceleration control inputs stay admissible as
specified by the physical actuator limits.

obtained via e.g. scaling (Mansfeld et al., 2016), which
results in conservative modal control inputs within Ω̃′

Q

when represented in the original space (cf. Fig. 3(b)).

Another way to design braking control inputs utilizing
the modal space while ensuring being within the physical
actuator limits is introduced next. In the decoupled space,
where each state is controlled independently, braking the
whole robot is equivalent to stopping mQ,i as fast as
possible. To achieve this, one has to apply a proportional
torque τ̃Q,i ; i = 1, ..., n in the opposite direction (Fig. 3(a)).
A safe starting point is to use a counter momentum
with equal magnitude, but this has to be scaled up for
faster braking. The extent to which we can scale up
this braking momentum vector to generate a feasible safe
control torque can be determined by searching for the
minimum ratio between torque limit and modal mass for
all the decoupled coordinates (Fig. 3(b)). This can be done
in real-time using the conservative control bounds scaling
algorithm (Algorithm 1) as described in Mansfeld and
Haddadin (2014), which we adapted to also evaluate limits
for modal-space velocity, acceleration and jerk trajectories
(Fig. 3(c)).

As the final braking time depends on the slowest descend-
ing state, there is no need to apply higher torques on
the other states to stop them sooner. Therefore, we seek
simultaneous braking action in which each decoupled state
control is synchronized such that all the robot joints are
stopped simultaneously. In this case, the time-to-stop that
is the same for all coordinates due to simultaneous braking
can be estimated from

Tstop = max
i=1,...,n

(
tstop,i :=

mQ,iq̇Q
τ̃Q,i

)
. (13)

The maximum admissible torques available for brak-
ing and their corresponding momentum can be ob-
tained via Algorithm 1. The parameters kv, ka, kj are,
respectively, the scaling factors of velocity, accelera-
tion and jerk limits for simultaneous braking, whereas(
v

′
Q,min,v

′
Q,max

)
,

(
a

′
Q,min,a

′
Q,max

)
,

(
j
′
Q,min, j

′
Q,max

)
are the

corresponding modal velocity, acceleration and jerk limits.
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We denote the approach based on Algorithm 1 by consv.
scaling throughout the manuscript. Note that the pro-
posed controller is of bang-bang type, which may result in
oscillatory behavior.

To further reduce the braking time, optimization tech-
niques can be used to search for maximal modal bounds 5

for designing decoupled velocity braking profiles. For this,
we adopt the scheme proposed by Mansfeld et al. (2016)
that maximizes the volume enclosed by the modal con-
trol limits uniformly in all quadrants. 6 The approach for
designing modal braking velocity profiles using these opti-
mized limits is denoted by opt. scaling in the following. It
is noteworthy here that, to use optimized, maximal modal
limits while still offering real-time control capability, car-
rying out optimizations online must be avoided.
Remark 1. One approach to achieve this is by sampling
the reachable workspace of the given robot with desired
granularity, such that it is possible to evaluate all its
possible joint-space configurations (as was done in i. e.,
Mansfeld et al. (2018)). Then, the corresponding mass
matrices and their modal decompositions can be evaluated
symbolically. The required static optimizations to search
for the optimal modal limits are carried out offline, which
can be stored in a database against the corresponding
robot configurations. Based on this data, a braking map
from the robot configuration to the maximal modal con-
straints could be learned using strategies similar to the one
proposed in Kussaba et al. (2023). At run time, this map
could be queried for the maximal modal constraint.

Next, we augment our proposed modal braking approach
with a parameterized smoothing approach that enables
switching from the current velocity profile to the braking
profile. This is achieved while respecting the actuator and
joint-space limits, while still preserving the predictability
of the resulting braking manoeuvers.

3.4 Braking concept in the modal space

Given the feasible maximal modal bounds, a braking tra-
jectory can be designed at the velocity level. To achieve
a minimal braking time, an intuitive approach would be
to use the maximum limits of the robot joint actuators.
Unfortunately, such an approach is infeasible as it results
in discontinuity in acceleration which might result in ex-
ceeding the actuator limits. To design smooth curves for
the direction reversal motions required for braking, we
adapted a method that uses a quintic Bezier (Sencer et al.,
2015). The Bezier curves are mathematically based on
Bernstein polynomials and are frequently used for blend-
ing linear motion segments in Computerized Numerical
Control (CNC) machines (Ren et al., 2019). While linear
motion segments in CNC machinery are always defined be-
fore the machining process starts, the cobot’s path and its
corresponding motion segments are generally not known
in advance. 7 Thus, the blending of velocity segments with
different slopes has to be computed in an online fashion.
5 These are the limits on the trajectory bounds after applying the
decoupling transformation Q to the original space.
6 See Mansfeld et al. (2016) for more elaborated details.
7 The braking action of these robots can be triggered at any
arbitrary time instant since it depends on the dynamic movement
of the obstacles in the robot’s workspace or fault triggering.

Algorithm 1 Calculating conservative trajectory limits in
modal space via constraint hyperrectangle scaling.
Inputs: vmax, amax, jmax, M(qb), Ṁ(qb, q̇b), τ̃max, ˙̃τmax

Outputs:
(
v

′
Q,min,v

′
Q,max

)
,

(
a

′
Q,min,a

′
Q,max

)
,

(
j
′
Q,min, j

′
Q,max

)
kv ← 1, ka ← 1, kj ← 1

amax ← min
(
amax,M

−1(qb) τ̃max

)
jmax ← min

(
jmax,M

−1(qb)
[
˙̃τmax − Ṁ(qb, q̇b)amax

])
Ψv =

[
v1,min, v1,max

]
× · · · ×

[
vn,min, vn,max

]
, with vertices vi

Ψa =
[
a1,min, a1,max

]
× · · · ×

[
an,min, an,max

]
, with vertices ai

Ψj =
[
j1,min, j1,max

]
× · · · ×

[
jn,min, jn,max

]
, with vertices ji

for i← 1 to 2n do
vQ
i ← Qvi, aQ

i ← Qai, jQi ← Qji
zv ← argmax(

∣∣vQ
i | −

∣∣vmax

∣∣)
za ← argmax(

∣∣aQ
i

∣∣− ∣∣amax

∣∣)
zj ← argmax(

∣∣jQi ∣∣− ∣∣jmax

∣∣)
if
∣∣vQ

i,zv

∣∣>∣∣vmax,zv

∣∣ kv ← min

(
kv ,

∣∣vmax,zv

∣∣∣∣vQ
i,zv

∣∣
) end if

if
∣∣aQ

i,za

∣∣>∣∣amax,za

∣∣ ka ← min

(
ka,

∣∣amax,za

∣∣∣∣aQ
i,za

∣∣
) end if

if
∣∣jQi,zj ∣∣>∣∣jmax,zj

∣∣ kj ← min

(
kj ,

∣∣jmax,zj

∣∣∣∣jQ
i,zj

∣∣
) end if

end for
v

′
Q,max ← kvvmax, a

′
Q,max ← kaamax, j

′
Q,max ← kjjmax

v
′
Q,min ← −v

′
Q,max, a

′
Q,min ← −a

′
Q,max, j

′
Q,min ← −j

′
Q,max

3.5 Designing modal space braking curves

The methodology for designing a smooth decoupled ve-
locity braking trajectory using Bezier curves is summa-
rized graphically in Fig. 4. When the braking velocity
signal is raised at time instant t0, each of the components
q̇Q,i(t0); i = 1, ..., n is located already at an inflection point
t0. Shifting t0 by l samples results in a new time instant
tip = t0 + l from which the blending to the braking de-
celeration can be started (Fig. 4, left). The quintic Bezier
polynomials use a set of six control points to manipulate
the shape of the curve. While these control points can be
chosen arbitrarily, in our case they are chosen such that the
Bezier curve is symmetric with a G2-smooth transition 8

between q̇Q,i(t) and q̇bQ,i(t) (Fig. 4, right).

Some control points are constrained to satisfy the G2

transition smoothness property. Hence, the Bezier curve
for smooth blending can be fully defined by just three
points. The three design points are the anchor/corner
points defined in R2 as

P start =
[

t0
q̇Q,i(t0)

]
, P trans =

[
tip

q̇Q,i(tip)

]
, P end =

[
t1

q̇bQ,i(t1)

]
.

(14)

While P start is known at the braking instant, P trans and
P end depend on the quantities q̇Q,i(tip) and q̇bQ,i(t1) to
be estimated (together with the time instants tip and
t1). Assuming a constant acceleration at t0, the minimum
transition time to a braking velocity q̇bQ,i(te) that does

8 The junction points between q̇Q,i(t) or q̇bQ,i(t) share a common
tangent direction and a common center of curvature.

5



Fig. 4. A designed braking curve (left) using a quintic
Bezier curve (right), whose anchor points are given
by P0 · · ·P5 and the corner point is denoted Ptrans.

not violate the maximum jerk constraint ...
qQ,i,max can be

approximated as detailed next.

Linearizing q̈Q,i(t) around t0 using a first-order Taylor
series expansion and ...

qQ,i,max gives

q̈Q,i(te) = q̈bQ,i(te) = q̈Q,i(t0) +
...
qQ,i,max(te − t0). (15)

Substituting q̈Q,i,max = q̈bQ,i(te), it follows that

∆ts1 = te − t0 =
q̈Q,i,max − q̈Q,i(t0)

...
qQ,i,max

. (16)

Linearizing q̇Q,i(t) around t0 using a second-order Taylor
series expansion and ...

qQ,i,max gives

q̇Q,i(te) = q̇bQ,i(te)

= q̇Q,i(t0) + q̈Q,i(t0)∆ts1 +
1

2

...
qQ,i,max∆t2s1. (17)

Plugging (16) in (17) yields q̇bQ,i(te), which serves as a
starting point for designing P end. Since (15)–(17) were
computed with a constant acceleration q̈Q,i assumption,
the graph of q̇Q,i is hence simply a straight line with
q̈Q,i(t0) slope. This means the value of q̇bQ,i(te) has to be
shifted in time by h samples (∆h time units) until the
lengths between P start and P end with the intersection
point of its slopes P trans are equal. The time instant for
blending towards zero velocity is t1 = te +∆h. Using some
trigonometric identities, this problem can be solved ana-
lytically, and the blending Bezier curve is thus obtained.
The shift in time will relax the ...

qQ,i,max constraint by
increasing the transition time between the accelerations,
therefore, reducing the resulting jerk.

Please note that, for each modal velocity curve there
will be a total of two inflection points that have to be
smoothed. The second one is located at tf where q̇bQ,i(t)

meets the time axis line (i.e., the zero velocity line).
The other blending curve at tf is computed analogously.
Furthermore, the time spent in the two G2-smooth blends
ts,i = ∆ts1,i +∆ts2,i is fully known.

3.6 Braking trajectory prediction

Once the modal braking curves are computed, the whole
curve can be re-transformed into the original space. Since
it is assumed that the inertia matrix and the decoupling
transformation Q do not significantly change during brak-
ing (Mansfeld and Haddadin, 2014), using the instanta-
neous Q should result in a close approximation of the

real braking velocity trajectory. The overall braking time
Tb, following the synchronized stopping and smoothing,
can be used to compute the curve of joint positions and
the end-effector’s path in Cartesian coordinates required
to estimate the braking trajectory at any time from the
braking triggering until the complete stop. Furthermore,
the total distance to be covered during braking can also
be predicted in advance.

Using the braking trajectory, the robot’s end-effector state
x̂b(t) ∈ R3+3 during braking (encoding its translational
position and velocity) can be predicted from

x̂b(t) =

 t(qb(t))

J(qb(t))q̇b(t)

 , t > t0, (18)

where EE
0 T (qb(t)) =

R(qb(t))
0 0 0

∣∣∣∣∣ t(qb(t))1

 ∈ R4×4 denotes

the homogeneous transformation matrix from the robot
base frame 0 to EE with R(qb(t)) and t(qb(t)) being,
respectively, the configuration-dependent rotation matrix
and translation vector, while Jv(q

b(t)) ∈ R3×n is the
translational part of the robot’s Jacobian matrix.

4. SIMULATION RESULTS AND DISCUSSION

To test the proposed concepts, the developed braking
manoeuvers are applied within our braking control and
prediction framework to stop a moving robot in simulation.
The considered robot model is a 7-DoF Franka Emika
Panda arm comprising an open kinematic chain of rigid
bodies connected with revolute joints. The physical ac-
tuator and joint-space limits are available online (Franka
Emika, 2022). For simplicity and better visibility of the
results, we locked all the joints except joints 1, 2 and 4 in
all the simulations. Furthermore, to compare the proposed
braking algorithms with the optimal time-minimizing solu-
tion, the optimal braking control problem (6) is formulated
as a non-linear program using CasADi (Andersson et al.,
2019) then solved utilizing the Knitro solver (Byrd et al.,
2006).

We compared two implementations for designing the
smooth braking trajectories of our proposal: 1) Using
conservative modal limits (consv. scaling), and 2) Using
uniform, maximally-optimized feasible ones (opt. scaling),
following the modal control symmetric limits optimization
by volume maximization (Mansfeld et al., 2016). Both
set of limits were obtained using the decoupling trans-
formation at the braking instant only. 9 Additionally, the
braking action of different robot joints was synchronized
such that their stopping time matched that of the slowest
one. This way the robot does not deviate much from
the reference task path, which in turn may not be effi-
cient regarding the kinetic energy dissipation. 10 However,
asynchronous braking will result in the same overall brak-
ing time. The performance of the stopping actions using
our proposed braking manoeuvers designed with the two
modal limits scaling approaches is compared against the
optimal braking solution. The controllable robot joints
9 In addition to the nominal limits from the robot’s manufacturer,
of course.
10Hence, it maybe less safe upon contact with nearby humans while
still in braking.
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Fig. 5. Braking settings for robot joints moving with
low (left) and high (right) velocities during different
trapezoidal motions. The braking triggering instants
sXi , i = 1, 2 are indicated with purple vertical lines,
where the superscript X ∈ {acc, cruise,dec} indicates
the braking scenario, i.e. (acc) during acceleration,
(cruise) during cruise, and (dec) during deceleration.

Fig. 6. Braking and computation times for braking solu-
tions under different settings.

are commanded to follow two trapezoidal velocity profiles,
each with desired acceleration, cruising, and deceleration
phases, as depicted in Fig. 5. The first reference velocity
profile resembles a robot motion with an intermediate
velocity, while the maximum joint velocity limits of ∼2
m/s are exercised in the second.

The braking times and their computation times resulting
from applying braking torques generated from the two
proposed braking manoeuvers are compared against the
optimal solution as depicted in Fig. 6. It can be observed
that our proposed manoeuvers require more braking time
when the braking action is triggered at the accelera-
tion phase of the trapezoidal motion. Besides the sub-
optimality of the modal input limits obtained via both
scaling approaches, this is also due to the time invested in
smoothly reversing the motion direction. Compared to the
acceleration phase, the time it takes to brake during the
cruising and deceleration phases is shorter. However, the
total time it takes to brake still depends on the speed of
the joint at the moment of braking.

Fig. 7. Braking times and corresponding stopping dis-
tances for braking solutions under different settings.

A sample of the applied braking torque and the resulting
joint velocity profiles for the braking setting scruise1 is
shown in Fig. 8. It can be observed that the desired motor
torques always comply with the actuator constraints, while
the velocities of all controlled joints converge to zero
smoothly without violating their limits. As expected for
the employed bang-bang-like control law for braking, one
hyperplane of the modal-space control region (input limit)
is reached. In the shown sample of Fig. 8, only joint 2 used
half of its maximum possible torque.

The braking distance was also evaluated for the two pro-
posed braking manoeuvers against the optimal solution for
both braking settings, together with the required braking
time, as shown in Fig. 7. Recall that this distance depends
on the forward kinematics/homogeneous transformation
matrix of the robot, which is essentially a nonlinear map-
ping from its joint configurations to its end-effector’s pose
in 3D Cartesian space. Obviously, these results confirm
that the smaller the braking time, the shorter the stopping
distance, consequently decreasing the risk of collisions with
the robot. Furthermore, the obtained predicted values for
braking distances can be used online for planning robot
reactions such as, e.g., collision avoidance or activating
safe velocity scaling using the Safe Motion Unit (Haddadin
et al., 2012). A comparative summary of key features of
the investigated braking methods is provided in Tab. 1.

5. CONCLUSIONS AND FUTURE WORK

In this paper, we addressed the problem of braking con-
trolled robot joints while ensuring online and accurate
stopping trajectory prediction. We proposed a braking
control architecture that relies on designing smooth brak-
ing velocity profiles independently in the modal space
while taking the actuator and joint-space constraints into
account. Two approaches for designing braking manoeu-
vers in the modal space were developed and integrated
into a unified braking control and stopping trajectory
prediction framework. The proposed methods were ver-
ified on a realistic 7-DoF robotic system with only three
moving joints in simulation. The results showed that using
the proposed framework yields smooth and fast braking
manoeuvers that ensure a predictable stopping behavior
of the robot joints.

For future work, we seek to reduce the braking time further
by using less conservative feasible modal limits. This could
be done by maximizing the modal control region volume
in each quadrant separately as described in Mansfeld et al.
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Fig. 8. Robot joint braking control torques (upper row) and resulting joint velocities (lower row) versus time for the
sample setting scruise1 (cf. Fig. 5 for the reference trapezoidal motion profile of the task).

Table 1. Comparison of braking features.

Braking features CasADi Proposed Proposed
(optimal) (consv. scaling) (opt. scaling)

Minimum-time attainment 100% 26–31% 43–51%
Stopping distance? ✓ ✓ ✓
Computation time 25–32 s ≪1 ms 9–10 ms
Real-time control × (offline) ✓(real-time) ✓(online)
Trajectory prediction × ✓ ✓

(2016), then the obtained optimal modal bounds can be
employed for designing the decoupled braking velocity
profiles optimally.
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